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Context

I Most of biological responses measured during experiments exhibit non-linear
behaviors and mixed effects models are often used to better characterize the
responses.

I Parameter and confidence intervals estimation involve numerical integration,
linearization or stochastic approximation algorithms [1].

I Instead of modeling the response we propose a method in which each biological process
is regarded as a dynamical system with input-ouput variables and cofactors. We show
that this approach allows to use classical linear methods.

The hierarchical ARX Model

First stage
The first stage is described as an Auto-Regressive with eXogenous input (ARX) model
structure of order na, nb and nd as described in [2] for a given subject i ∈ [1, ..., I ] :

yi ∼ N (φizi, Iσ2
e) (1)

where
I φi = [−yiq−1, ..., −yiq−2, uiq

−nd, ..., uiq−nb−nd] and q−1 is the delay operator
I zi = [a1,i, a2,i, ..., bnb,i]T ∈ R(na+nb)

with yi ∈ RK the output signal, nd the input-output delay and ai,j and bi,l are the
unknown parameters of the individual i.
Second stage

zi ∼ N (Ciθg,Ω) (2)
where
I θg = [a1,1, ..., bnb,1, ..., a1,ng, ..., bnb,ng]T ∈ R(ng(na+nb))

I Ci is a covariables matrix ∈ R(na+nb)×ng(na+nb)

I diag(Ω) = [σ2
a,1, ..., σ

2
a,na
, σ2

b,1, ..., σ
2
b,nb

]T

The parameters to be estimated are :
Θ =

(
θg,Ω, σ2

e

)
(3)
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Figure 1: A simulation of the model with 8 individuals per group

Parameter estimation

EM Algorithm : Since the model is linear, Expectation-Maximisation algorithm can be
used in order to maximise the likelihood of the complete data (yi, zi). [3].
I Expectation : calculate the sufficient statistics :
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from the distribution of the complete data vector
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[
V (s) φiΩ(s)

Ω(s)φTi Ω(s)

])
(4)

where Θ(s) is the parameters estimated at iteration s, and V (s) = φiΩ(s)φTi + INσ2(s)
e

I Maximisation : since all individuals are independent from each other the likelihood is
written :

p(y, z; Θ) =
∏
i

p(yi|zi; Θ)p(zi; Θ), (5)

which after maximisation leads to :
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I

∑
i
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g ).(t̂(s)1,i − Ciθ(s)

g ) + t̂
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3,i t̂
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3,i + Tr(t̂(s)4,i) (8)

This iterative schemes is repeated until convergence, then based on Louis’ principle, [4]
the Fisher information matrix is computed to provide an upper bound of the estimated
variance matrix

Simulation evaluation

The model used for simulation is :
yi = −a1,gyiq

−1 − a2,gyiq
−2 + b1,guiq

−1 + e(k) (9)
where the index g corresponds to the group of the individual, here g can be m or f .
Values used for simulation are :a1,m

a2,m
a3,m

 =

 0.7
0.05

1

 and
a1,f
a2,f
a3,f

 =

 0.5
0.05
1.5


and : σ

2
a1
σ2
a2
σ2
b1

 =

0.001
0.001
0.01

 and σ2
e = 0.01

An example of simulation with Im = 8 and If = 8 is presented in figure 1

Results

Im = 4, If = 4
Parameters Estimate SE (%)

a1,m 0.6772 3
a2,m 0.0521 38
b1,m 1.0077 2
a1,f 0.5198 4
a2,f 0.0816 18
b1,f 1.4909 2
σ2
a1

0.0020 35
σ2
a2

0.0008 57
σ2
b1

0.0035 36
σ2
e 0.0103 0

Im = 10, If = 10
Parameters Estimate SE (%)

a1,m 0.6603 1
a2,m 0.0865 10
b1,m 1.0105 1
a1,f 0.4910 1
a2,f 0.1107 6
b1,f 1.5082 1
σ2
a1

0.0016 14
σ2
a2

0.0013 14
σ2
b1

0.0065 11
σ2
e 0.0098 0

Im = 100, If = 100
Parameters Estimate SE (%)

a1,m 0.6868 0
a2,m 0.0613 1
b1,m 1.0010 0
a1,f 0.5030 0
a2,f 0.0969 1
b1,f 1.4995 0
σ2
a1

0.0013 2
σ2
a2

0.0012 2
σ2
b1

0.0088 1
σ2
e 0.0101 0

Im = 100, If = 10
Parameters Estimate SE (%)

a1,m 0.6875 0
a2,m 0.0606 1
b1,m 1.0004 0
a1,f 0.5331 1
a2,f 0.0697 8
b1,f 1.5041 1
σ2
a1

0.0015 3
σ2
a2

0.0008 5
σ2
b1

0.0082 2
σ2
e 0.0100 0

SE is the standard error in percent calculated from the standard deviation estimated from
the Fisher information matrix.

Discussion

Mixed-effects are introduced in the ARX structure, EM algorithm is used to estimate the
parameters of the system

Advantages

I This approach allows to fit non-linear responses using a linear model : we model the
hidden system instead of the response itself,

I Any kind of input can be used
I Systems of any order can be computed

Drawbacks

I An input is needed
I Constant sampling rate is required
I Parameters have no physical meanings
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