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Background and Objective Methods (Continued)

* Automatic differentiation (AD) is a critical technique in modern machine learning for
computing derivatives accurately (gradients obtained by AD are exact to machine precision)
and efficiently [1]. However, the traditional method for gradient calculation in
pharmacometrics (PMX) software is finite difference (FD). FD requires a nontrivial step size
to calculate the approximated gradients and suffers from truncation errors and round-off
errors.

* |n this poster, all the results are for FOCE ELS. When ADPO is enabled for FOCE ELS, the
algorithm is marked as ADPO. The traditional FOCE ELS using FD, is marked as FOCE-FD.

Results

 ADPO is applicable to both FOCE ELS algorithm and Laplacian algorithms, since they share
the same inner loop optimization procedure. In Phoenix NLME 8.6, ADPO can be enabled by
simply checking the “Fast Optimization” box as shown in Fig. 1, for the corresponding
algorithm.

* First order conditional estimation (FOCE) algorithm [2] — the most frequently used NLME
(nonlinear mixed-effects) parameter estimation algorithm in PMX, heavily relies on gradient
calculations as it uses the gradient-based Broyden—Fletcher—Goldfarb—Shanno (BFGS)
guasi-Newton optimization method [3]. Traditionally, FD is used to calculate the gradients

in BEGS. * Most of the realistic models contain sets of ordinary differential equations (ODEs). The
* Our objective was to significantly improve the computational efficiency and maintain the speed of the parameter estimation algorithms depend on the speed of the ODE solvers.
J 2 VA ; y Therefore, the speed of ADPO can be measured by the performance of the ODE solvers. In

accuracy of parameter estimation in Phoenix NLME's [4] FOCE ELS algorithm by replacing
traditional FD-based gradient calculations with AD.

Methods

Fig. 2, for four different models, we measure the speed of the five ODE solvers (two of
models contain non-linear ODEs, so “matrix exponent” solver cannot be used) available in
Phoenix NLME with and without ADPO.

o On the x-axis, the name of an ODE solver followed by “(FOCE-FD)” is the traditional one
used in FOCE-FD, while the one ending with “(ADPQ)” are the AD version of an ODE
solver (all the calculations inside the solver has been promoted to dual number
calculations).

* |In FOCE ELS, the optimal population parameters estimates: fixed effects parameter vector 6,
covariance matrix of random effects Q, and o which represent standard deviation(s) of
residual error, are obtained via two levels of BFGS optimizations, i.e., the outer loop and the
inner loop.

o On the y-axis is the time cost (measured in microsecond) for a solver to solve the ODEs in
the model. For ADPO solvers, it is the “equivalent” time cost (ADPO solve the ODEs and
the corresponding gradients simultaneously, while FOCE-FD solvers need to solve the
ODEs n+1 times to get the solution of the ODEs and the gradients, where n is the number
of random effects parameters in n), therefore, the time cost of ADPO solvers divided by
n+1 is the “equivalent” time cost that is comparable with the FOCE-FD solvers’ time cost.

o Outer loop: the optimal population parameters estimates 6, Q and o are obtained via
iterations of BFGS algorithm by minimizing the negative logarithm of the overall data
likelihood (-LL). Inside each BFGS iteration, to evaluate -LL, each subject’s optimal joint
log-likelihood needs to be calculated which is done by the inner loop. The BFGS
iterations continue, until —LL converges to a (local) minimum.

o Inner loop: given the current estimates for ©, Q and o, each subject’s optimal joint log-
likelihood is calculated from the corresponding optimal empirical Bayesian estimates
(EBEs) of the random effect vector n, which is obtained via iterations of BFGS algorithm
by minimizing the subject’s negative joint log-likelihood.

o From Fig. 2, for each of the models, the time cost of ADPO solvers is significantly lower
than the corresponding FOCE-FD solvers. It indicates ADPO is much faster than FOCE-FD.

e Table 1 shows the speed, accuracy and robustness comparisons of ADPO vs. FOCE-FD for a
two-compartment model with first-order clearance. For each parameter, despite starting
from an initial value that is different from the true parameters which are used to simulate
the dataset, both FOCE-FD and ADPO converge to parameter estimates that are close to the
true parameters and with reasonable standard error estimations, and both reach similar
statistics such as LL, AIC and BIC. However, ADPO is about 20-50% faster in total run time
and with much less backtracking in the inner loop BFGS optimizations. All these
demonstrate that ADPO is much faster than FOCE-FD without compromising accuracy and
robustness.

* |nner loop is embedded in the outer loop, so the improvement should begin from inner
loop. We further identified the performance bottleneck of inner loop is the FD calculations
in the BFGS algorithm.

* To overcome the bottleneck, we replace the FD calculations in the inner loop with AD via
the dual numbers approach, which calculates the gradients accurately and is
computationally efficient (the function value and its gradients are obtained
simultaneously). We call the AD-based optimization as “automatic-differentiation-assisted
parametric optimization” (ADPO).

Figure 1: ADPO as the “Fast Optimization™ option in Phoenix 8.6. Conclusions
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